We show rigorously that condensate fragmentation cannot occur in dilute Bose systems unless forced by exact specification of the values of conserved quantities. We also prove that, relatedly, the symmetric ground state of a dilute Bose gas with positive scattering length in a cylindrical trap is globally stable, and with negative scattering length locally stable, a result with nontrivial implications for the ground state structure in highly anisotropic traps.
it cannot cause fragmentation within the family of states considered. Their argument, while strong, is limited to the variational family in question, and does not definitively eliminate the possibility of fragmentation.
In a separate development, Rokhsar [5] pointed out that a usual 2π-vortex in a dilute Bose gas with positive s-wave scattering length (a "repulsive" Bose gas) contains a negative energy bound state with zero angular momentum. Transfer of a fraction of the atoms in the rotating condensate to the non-rotating bound state can lower the system energy, creating a fragmented state with different angular momentum components. He argued though that such a fragmented state is unstable against small non-cylindrically symmetric perturbations which cause tunneling between two fragmented condensates [5] .
In this paper we study the stability of fragmented condensates and the condition for their existence, and clarify the relations between the various results of Refs. (3) (4) (5) . We show that condensate fragmentation does not exist unless the system is required to have strict values of certain physical quantities (angular momentum, parity, etc). While our proof applies to general fragmentation, we first focus on fragmentation into angular momentum L z eigenstates in cylindrically symmetric systems; the physics of these systems illustrates the essential mechanisms destablizing the fragmented condensates, as well as the role of conservation laws. Fragmented condensates with no specific symmetry relation with the underlying potential are even more unstable.
In cylindrically symmetric systems, it is important to distinguish two situations, that L z is precisely specified, i.e., that the system is in an angular momentum eigenstate, or that L z is specified only on average, L z (through the Hamiltonian H − ωL z , where ω is the rotational frequency aboutẑ), corresponding to a grand canonical angular momentum ensemble. Fragmentation can only occur when the system has a definite L z that is not an integral multiple of particle number N. In the latter situation, as normally considered in rotating superfluids, fragmentation cannot occur.
As we show, the instability of fragmented condensates in rotating systems is entirely controlled by interaction effects and is therefore intrinsic: by reassembling different compo-nents of the fragmented condensate into a single condensate, the system can always lower its energy through interference of three or more fragmented components. This mechanism differs fundamentally from the picture given by Rokhsar since the energy gain is through the interaction rather than the (arbitrarily small) symmetry breaking potential, and that of both Elgarøy-Pethick and Rokhsar in that it involves at least three fragmented components.
Wilkin et al. find fragmentation because they seek ground states that are eigenstates of total L z . However, in an angular momentum grand canonical ensemble, the ground state need not an angular momentum eigenstate. [6] The argument naturally calls for examination of possible spontaneous broken rotational symmetry in the ground state. We prove that the cylindrically symmetric condensate of a repulsive Bose gas is globally stable; however, we can only establish local stability for the ground state of an attractive Bose gas. Thus we show rigorously that the ground state is always unfragmented, and that broken rotational symmetry is absent for a > 0 and could only occur for a < 0 in the unlikely case that the system has a minimum separated from the symmetric ground state by an energy barrier. The proof illustrates clearly an intrinsic mechanism rendering fragmentation unfavorable, which should dissuade further attempts to look for ground state fragmentation. Furthermore, while the proof of stability of the cylindrical symmetric ground state may appear merely to have confirmed the expected, it does lead to non-trivial conclusions for highly anisotropic traps.
Definition of fragmentation: The single particle ground state density matrix, ρ(x,
is the field operator, is Hermitian in x and x ′ ,ρ and thus can be expanded in terms of its eigenfunctions ν j (x) and eigenvalues λ j as ρ(x,
The ground state has a single condensate if only one eigenvalue λ j is of order the number of particles N, or is fragmented if more than one eigenvalue is of order N. All particles in the ground state of a dilute Bose gas are essentially in the condensate, whether single or fragmented; to a good approximation
where F = 1 and F > 1 correspond to single and fragmented condensates respectively, and N j is the number of particles in condensate j. The normalized ground state that gives rise to Eq. (1) is
as can be seen from the property,ψ(
together with the relation [A i , A † j ] = δ ij resulting from the orthonormality of the eigenfunctions ν i . For fragmentation into angular momentum states, the ν j are eigenstates of L z .
While j generally denotes a set of quantum numbers, we display only the (integer) angular momentum ℓ explicitly, i.e., ν ℓ (r, θ, z) ∝ e iℓθ . Equation (1) implies a cylindrically symmet- Absence of fragmentation: The low energy effective Hamiltonian for a dilute Bose gas in a rotating cylindrically symmetric potential
dxψ †ψ †ψψ , and
The expectation values ofT andV in the state |F are, from Eq. (1),
. Evaluating the two particle correlation function in |F we find
where in the latter expression, we neglect the 1/N ℓ in the limit of large N ℓ .
We now show that for any fragmented state |F corresponding to the eigenfunctions {ν j (x)}, one can always find a single condensate state with the same number of particles and the same average angular momentum but with lower energy. Consider in particular the
the sum is over all F in the fragmented condensate, and the {α ℓ } are phase factors (|α ℓ | = 1), chosen to minimize the energy. The equalities
On the other hand,
where
is cylindrically symmetric, while Γ ℓm carries nonzero angular momentum ±(m − ℓ), because ℓ < m; then since Γ 2 ℓm = 2 n ℓ n m , we have
where we construct the proof for F = 4 (with ℓ = −1, 0, 1, 2); the proof for higher F is exactly the same.
The result for F = 3 shows that the |F = 4 state is unstable against the "partially" fragmented state |SF obtained by combining the ℓ = 0, 1, −1 states into a single condensate while leaving the ℓ = 2 state fragmented, i.e.,
whereB + = ψ + Φ SF and Φ SF = Ψ −1 + Ψ 0 + Ψ 1 . That |SF has lower energy, for appropriate α ℓ than |F = 4 follows from the fact that Ĥ
as in the F = 3 case. Next we consider the state |S with a single condensate Φ = Φ SF + Ψ 2 . Since Φ SF and ν ℓ=2 are orthogonal, both |S and |SF have the same average kinetic energy and potential energy. The total energy difference is therefore
By adjusting the phase of Ψ 2 the final integral in Eq. (8) can be made negative. Note that |Φ SF | 2 , being made up of several different angular momentum states, is not symmetric, e.g., in this particular case,
, and thus the integral will be non-vanishing. This shows that E F =4 > E SF > E S . Clearly, the same method can be applied to all cases with F ≥ 4.
General proof of absence of condensate fragmentation: The energy of a single condensate state (4) compared with that of a general fragmented state (2) is
cf. Eq. 6). The overlap term, W, not present in the cylindrical symmetric case, is nonzero in the absence of any particular symmetry and makes the fragmented condensate even more unstable. In the cylindrical case, we have shown that a fragmented condensate with two an-gular momentum components is degenerate with the "combined" single condensate obtained through Eq. (4). In the general case, any fragmented condensate with only two components (say, 1 and 2) will be unstable against the combined condensate because W 12 can always be made negative by adjusting the phases α 1 and α 2 . One can prove the instability of a fragmented state |F with more than two components, as in the cylindrical case, by first showing its unstability against the state |SF obtained by combining two of the F components into a single condensate and leaving the rest fragmented, and then repeating the process until all the fragmented components are combined into a single condensate.
Returning to the cylindrical symmetric case, we note that even if the density of the fragmented state n F (x) = ℓ n ℓ (r, z) is cylindrically symmetric, the density of the stable single condensate n S (x) = | ℓ Ψ ℓ | 2 is not. Since the proof applies to all ω including ω → 0, it immediately raises the question of whether the ground state of a stationary system has broken rotational symmetry. In the following, we show that this is generally impossible for a repulsive Bose gas in the absence of external rotation. However, in the case of negative scattering length, we can only establish local stability for the rotationally symmetric ground state. The implications of these results will be discussed at the end.
Global stability of the symmetric ground state of a repulsive Bose gas: We now prove that in the absence of external rotation, the ground state condensate wave function Φ is rotationally symmetric. First, Φ can be taken to be real. If Φ is not rotationally symmetric, we can write Φ in the form S + A, where S(r, z) = 2π 0 (dθ/2π)Φ(r, θ, z) ≡ Φ, and A = 0.
Consider now the condensate η = S + i[A 2 ] 1/2 , which has the property |η| 2 = S 2 + A 2 = (S + A) 2 = Φ 2 . Both η and Φ have the same number of particles because |η|
. Using the Schwarz inequality, we have
These results imply that E Φ > E η , contradicting the assumption that Φ is the ground state.
Thus the ground state of a repulsive Bose gas in the absence of external rotation must be cylindrically symmetric if the trapping potential is so.
Local stability of the symmetric condensate of an attractive Bose gas: In the absence of external rotation, the energy of a rotationally symmetric (real) condensate with density n(r, z) is
The ground state n 0 within the symmetric family of condensates can be obtained by mini- 
and ζ = n 0 ζ/ ζ. Since n 0 is the minimum within the symmetric manifold, we find ∆ = µ, which is simply the Gross-Pitaevskii equation in the symmetric family, and see that as long as the system is stable against collapse, G[ζ] must in fact be a positive quadratic form, i.e., G > 0.
Asymmetric deviations from n 0 are of the form n = n 0 (1 + ǫ), where ǫ ≪ 1 and has vanishing angular average, ǫ = 0. Note that these deviations do not change the number of particles, since n 0 ǫ = n 0 ǫ = N ǫ = 0. The energy change due to these deviations,
Since all terms in Eq. (12) are positive, n 0 is locally stable outside the symmetric family.
To illustrate the application of these results, we consider a highly anisotropic ("cylin-
and ω ⊥ >> ω z . The harmonic states in the xy plane, u nxny (x, y), have energyhω ⊥ (n x + n y + 1). As atoms are added to the trap, they will first go into the transverse ground state (0, 0) while spreading out along the z direction. As the number of particle increases, their interactions push them into higher transverse states. At first sight, it appears that the next levels to be occupied are (1, 0) and (0, 1). This, however, cannot be the case for it will give rise to a condensate of the form Φ(r, z) = u 00 (r)f 00 (z) + u 10 (x, y)f 10 (z) + u 01 (y)f 01 (z). While u 00 is rotationally symmetric, u 10 and u 01 are proportional to x and y respectively; as a result, Φ can not be rotationally symmetric. Thus as the particle number increases, particles are first promoted into the second excited levels (n x + n y = 2) instead of the first, as the former can be combined to form a symmetric state. This result can also be verified numerically. This work is supported in part by NASA Grant NAG8-1441, and NSF Grants DMR-9705295, DMR-9807284, and PHY-9800978.
H − ωL z , the Hamiltonian in the rotating frame, must be an eigenstate ofL z . However, for rotation to affect the system, one must first add a small symmetric breaking potential toĤ and then let it go to zero, exactly as one uses an infinitestimal magnetic field to obtain ferromagnetism in Heisenberg systems. The existence of a symmetry breaking field then allows ground states that are not eigenstates ofL z .
[7] The difference between requiring an L z eigenstate and an angular momentum grand canonical ensemble is well illustrated by an off-center vortex in a harmonic trap. The corresponding grand canonical condensate wave function is the single particle state ∼ 
